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Explaining the Wheel Sieve* 

Paul Pritchard 

Department of Computer Science, Cornell University, Ithaca, New York 14853, USA 

Summary. In a previous paper, an algorithm was presented for the classical 
problem of finding all prime numbers up to a given limit. The algorithm 
was derived therein by transforming a prior algorithm in accordance with 
some essentially ad hoc observations on the problem. 

The present paper complements the former by developing a simple 
mathematical framework, which leads to a smoother and more insightful 
derivation of the new algorithm, and which may be of independent interest 
to the number theorist. 

As if a wheel were in the midst of a wheel. 

Ezekiel X: 10 

I'm just sitting here watching the wheels go round and round; I really love to 
watch them roll. 

John Lennon, Watching the Wheels 

I. Introduction 

In [8], a solution is presented to the classical problem of finding all prime 
numbers up to some limit N. The classical solution - the sieve of Eratosthenes 
- takes 6)(N.loglogN) additions; the new solution takes only O(NfloglogN) 
additions. 

The derivation of the algorithm given in [8] is a distilled history of its 
discovery, in terms of transformations which improve a prior algorithm. Fol- 
lowing Lakatos [4], we believe that such a style of presentation provides useful 
data for the study of the invention of algorithms1. Here, at least, honesty is the 
best (and easiest) policy. 

* A preliminary version of this paper was presented at the fourth Australian Computer Science 
Conference, Brisbane, 1981 
1 What Lakatos might have called "the logic of computational discovery" 
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It is nevertheless important to understand the fundamental nature of our 
good algorithms. We believe that an algorithm is best explained by first 
presenting the non-trivial, mathematical theorems needed to prove it correct, 
then giving an abstract algorithm (with proof), and finally giving the details of 
its implementation. This paper gives such an explanation of our new prime- 
number generator. 

2. On Wheels 

Our algorithm is based on two notions: the sieve and the wheel. The former 
notion is familiar and plays only a secondary role. To introduce the latter 
notion, we start with some definitions. 

Notation. Variables a, b, m, x etc. range over the positive integers; script 
variables ~ ~ ~ denote sets of positive integers. 

(a,b): the greatest common divisor of a and b. 

Pi: the fth prime number. 

Note (e.g. in Fact 5) that the remainder operation rood has a lower priority 
than both addition and multiplication. 

Definitions.,~(m): {xl 1 < x < m  and (x,m)= I} 
l~k: Pl "P2""" "Pk 

~(m) is known to number theorists as a (particular) reduced residue class 
(modm). ~ is the k'th wheel. Wheels have been in the bag of tricks of the 
computational number theorist for some time. Two typical used are 

(1) in trial-division routines (e.g. in [11], ~6 is "rolled" to generate poten- 
tial divisors, using the fact that if x >P6, then x can be the smallest prime divisor' 
of a number only if x mod/--16 ~ ~6), and 

(2) in programming Eratosthenes' sieve (e.g. Brent's implementation [1] 
uses a block of m bytes, where m is a multiple of Hv, to represent successive 
sifted intervals of the positive integers - for the k'th interval, the gth bit of byte 
n is 0 if and only if the number ( k -  1). m. bytesize + ( i -  1). m + n is composite 
and has been sifted out. Thus if l < n < H  7 and nr162 all the numbers repre- 
sented by byte n + j . I / 7  c a n  be sifted out with a single bit-parallel operation, 
for O<j <mdiv  lI7). 

It can be seen from the above uses that a wheel ~ represents a pattern 
that repeats modulo 17 k. The result of "rolling a wheel" (indefinitely) is cap- 
tured by the 

Definition. ~r : { x l x mod//k �9 ~ffFk}" 

We now proceed to establish some simple properties of wheels. 

Notation. a . .  b: { x l a <  x<=b}. 

Primes(J):  {plp~5~ and p is prime}. 
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n e x t ( ~ a ) :  the smallest  b such that  b~5  e and b > a  
(undefined if no such number  exists). 

p r e v ( ~ a ) :  the largest b such that  b~Se and b < a  
(undefined if no such n u m b e r  exists). 

Fac t  1. 16W~k*. 

Proof  (1, Hk) = 1. 

Fac t  2. next UC/~k* , 1)=Pk+ 1. 

Proof  Pk+I is the smallest  b > 1 such that  (b, Hk)=  1. 

Fac t  3. ~//k* ~Pk+ l " PkZ+ 1 -- 1 = Primes(pk+ 1 .. P~+ 1)- 

Proof  Clearly, xer.h.s,  implies x~l.h.s. N o w  suppose x~l.h.s. Then x is not 
divisible by Pl, " . ,Pk since x ~ * .  So the smallest  pr ime divisor p of  x satisfies 
P>Pk+I" But x < p ~ + l ,  so x must  be prime. 

Fac t  4. Primes(1 .. N) = Primes(1 .. ]//-N) u( ' /U* c~ 1 .. N ) -  {1} where Pm is the 
largest pr ime < v / N .  

Proof  Immed ia t e  f rom facts 1 to 3, put t ing  k = m. 

Fact  4 suggests a way to generate  Primes(1 .. N), namely  by building up 
~//~mC~ 1 . .  N by induct ion on m. And a s tandard  theorem seems to provide the 
required step. 

Theorem 1. I f  (ml, m2) = 1, then 

~ ( m  1 �9 m2) = {a z .m l + a a .m 2 mod m 1 .mzla  I ~ ( m l )  , a2 ~ ( m 2 )  }. 

Proof  In  mos t  books  on e lementary  number  theory (e.g. [5]). 

Fac t  5. ~lr + 1 = { a . II k + b . p k + 1 modHk+ 1 l a~ l . .  Pk+ 1 -- 1, b 6 ~#/~k}. 

Proof  Put  m l = I I k ,  m z = P k + l  in T h e o r e m  1. 

Unfor tunate ly ,  a l though Fact  5 shows how ~ +  1 can be constructed,  it does 
not suggest a way of generat ing just  those (very few, for large k) members  of  
~/Uk+ 1 that  lie in the interval 1 .. N. An inductive step is instead needed, which 
can serve to define ~/r 1 n 1 .. N in terms of ~ ~ 1 .. N. 

3. The Wheel Sieve 

The required character iza t ion  can be obta ined  f rom the following theorem. 

Theorem 2. Let  p be prime. Then 

~ ( m .  p) = ~ (m) • {a. m + b la E ~(p) ,  b ~ l ( m ) }  - {p- bib ~ ( m ) }  

where the set subtraction is needed just  when (p, m)= 1. 

Proof  ~ ( m - p )  = {x[ 1 < - x < m - p a n d  (x ,m . p ) =  1} 

= { x l l  < - x < m . p a n d ( x , m ) = l } - { x [ l  < _ x < m . p a n d ( x , p ) = p }  

= {x] 1 <-x<m.  p and (x, m ) =  1} - {p. b [ b ~ t ( m ) }  
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since a multiple p .b  of p need be subtracted if and only if (b ,m)=l  and 
(p, m) = 1 

= ~(m) u {a. m + b las~(p),  b ~ ( m ) }  - {p. b Jb e~(m)} 

since the numbers x such that (x, m)= 1 repeat modulo m. 

Fact 6. ~#kk+l =~Ukw{a 'Hk+b]a6 l . .  Pk+I - 1, b~kk} --{Pk+ 1 "blbe~kk}" 

Proof Put m = H  k and P=Pk+I in Theorem 2. 

Note that the set union on the r.h.s, of fact6 is just ~ k k * ~ l . . P k + l ' H  k. 
Also, fact6 can be modified simply to define ~ k + l C ~ I . . N  in terms of 
~kkC~I.. N. Facts 2, 4 and 6 immediately suggest the following algorithm, 
which we dub "the wheel sieve". 

k, p, ~,, H, g~:=l ,  3, {1}, 2, {2}; 
{invariant: p =Pk+ 1 and 

r ~k C~ 1 .. N and 
II = min { lI  k, N} and 

= Primes(1 .. Pk)} 
do p2 <= N-~ 

Roll ~ to min {p. H, N} ; 
Delete multiples of p from r 
~:=~{p} ;  
k,p, = k +  1, next(~,, 1) 

od; 
Roll ~/U to N 
{ ~ u ~ -  {1} = Primes(1.. N)} 

The procedure "Roll ~ to n" must satisfy 

{~//~= ~r C~ 1.. N and H=min{Hk,  N } and N>n>_FI} 

Roll r to n {r r C~ 1 .. n and H=n},  

and may only change ~ and H. Refining the procedure is straightforward 
(though notice that x = a - H + b  is computed with x : = F / + f l ,  where 
fl = (a - 1 ) - / / +  b has previously been added): 

x, f l : = H + l ,  1; 
do x < n ~ : =  ~cUw {x} ; 

ft." = next (~,, fl); 
x : = H  +fl 

od; 

The multiples of p that must be deleted from ~V are, by Fact 6, those in the 
set {p.bfbe~t/'}. These can be deleted one at a time provided that a multiple 
p.b  never fails to be deleted because the factor b is a previously deleted 
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multiple of p. The solution is simple - the factors b are taken in decreasing 
order. The first such factor can be obtained by a preliminary forward search. 

b, =p ;  
do p. b < /7  ~ b: = next (~ ,  b) od; 
do b > 1 ~ b :  = prev(q~,, b); 

~F': = ~g'- {p - b} 
od 

Proving the correctness of the wheel sieve above is an easy exercise given 
Facts 2, 4 and 6, provided that all instances of operations next and prev are 
defined. (This needs checking since ~ = ~ n 1 .. N, not "/U = ~kk*, is invariant.) 
So consider firstly the refinement of "Roll ~/U to n". Operation next(~,,fl) is 
defined since the previous assignment adds x to ~F" and x>f l .  Next consider 
the code for deleting multiples of p - next(~,, b) is defined since the truth of the 
guard ensures that p.b~YI/'; similarly prev(q~,,b) is defined since l e ~ .  The last 
operation to check is next(~,, 1) in the top level of the algorithm. There are 
two cases to consider. First, if 1-1 =17k+ 1, then / / -  1 ~  and, since k + 1 > 1, 17 
- 1  > 1. Otherwise, 17 = N <Hk+ ~ and we can appeal to a theorem that guaran- 
tees that, for all i, a prime exists between Pl and p2. Since p Z ~ N ,  this 
guarantees that pk+z~F" as required. (But note that it is easy to modify the 
algorithm so that its correctness no longer depends on this deeper result - it is 
sufficient to maintain a "sentinel", such as N + 1, in ~.)  

The precondition for the above algorithm may thus be safely taken as 
N > 2 .  It is interesting to note that the version derived in a more intuitive, less 
mathematical fashion in [-8] fails for N = 3 ,  4 since the operation next (~,, 1) 
becomes undefined. The reader is referred to [-8] for implementations leading 
to a complexity of O(N/ log logN)  additions. 

4. Wheels Within Wheels 

There is an amusing and instructive geometric/pictorial model of Fact 6 "in 
action". The idea is to draw wheel ~kk as a circle C k of perimeter Ilk, 
representing each member x of q~kk with a mark x units clockwise along the 
perimeter from an origin. The wheels share a common centre, and their origins 
lie on a vertical line on the same side of the centre. 

Ck+ a is obtained from C k in a 2-phase operation. First, an unmarked circle 
C is drawn for q~kk+ r This should have p times the perimeter of C k, where p is 
the first marked point of C k after 1. Then the inner circle C k in moved up until 
its origin coincides with that of C. C k is then rolled clockwise around the inner 
perimeter of C, and a mark is left wherever a marked point of C k touches C. 
This first phase corresponds to rolling q/rkk , or, more formally, to the set union 
on the r.h.s, of Fact 6. 

The second phase deletes the multiples of p. For this, the inner circle C k is 
returned to its usual position, and lines are drawn radially outward from each 



482 P. Pritchard 

marked point on C k. These touch the outer circle at exactly those points whose 
marks should be erased to leave the circle Ck§ 1! 

Providing "the first marked point of C k after 1" is taken to cover the cases 
(for k=0,  1) where it is necessary to go right round the circle, this model of 
wheel building can start with a circle C O of length 1 with a mark at the origin! 

Figure 1 below shows the construction of C 3 from C 2. 

0 

I 

5 

7 Rotting C 2 : 

C2: 

C3: 

(de le ted )~  ~ . ~ ~  (deleted } 

Fig. 1. Constructing C 3 from C 2 

5. Drawing a Theorem 

In the transition from ~ to ~r 1, the set of multiples deleted after rolling 
is {Pk+I" blbe~tCFk} �9 It is a standard result of elementary number theory (see 
[5]) that if (ml, m2)= 1 then {m 2 �9 b modm 1 I b~5~(ml) } =~(ml) ,  so exactly one 
representative (mOdHk) of each member b of ~ is deleted. 
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Let gk be the maximum gap between successive elements of ~kk* (ordered 
numerically). We give a simple diagrammatic proof of the following (new?) 
result. 

Theorem 3. gk>=2Pk_ 1, for all k> 1. 

Proof For k >2, C k has the form 

Fig. 2 

~k-Pk* k I 

So some part of Ck+ 1 has (by construction) the form 

"-,. 

-1 (deleted) 
x . l  

x.§ 

Fig. 3 

Continuing, some part of Ck+ 2 has the form 

Fig. 4 

-Pk,l 

J I/~I (deleted) 

~ ' ~  Y+Pk*I 
...-" 

That is, gk+2>--2Pk+t for all k>2.  
An easy computation of g2, g3 and g4 completes the proof. 

As an application of Theorem 3, we answer a question of Kanold [3]. 
Define g(m) as the least integer such that every set of g(m) consecutive integers 
contains a number x such that (x,m)= 1. Kanold asked whether, if m is the 
product of the primes less than d that do not divide d, it is true that g(m)<d. 
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Let us put d=Pk + 1, so that m = I I  k and g(m)=g k >=2Pk_ 1 by Theorem 3. But it 
is known (e.g. see [-10]) that p~+2<2pi for i>3.  So for k>4,  gk>Pk+l, and 
Kanold's question is answered in the negative. This is a considerably simpler 
answer than that given by Pomerance [7]. 

6. On Misra's explanation of a linear sieve 

Misra [6] explains a linear sieve algorithm that is based on the invariant 2 

P=Pk+I and ~U=~kk*C~I . .NuPr imes(1 . .p) .  

His method of deleting multiples differs from ours in that a forward search for 
the largest multiple p . r  to be deleted is avoided by keeping invariant the 
relation 

r = the largest number in ~/r such that p - r  =< N. 

To show these invariants imply that next (~ , r )  is defined, an appeal is 
made to the "rather deep" theorem of Chebyshev, that for any i>  1 there is a 
prime q with i < q < 2 i .  The appeal is unnecessary. For if r<p,  then next(~,,r) 
is defined since pe~/ / ;  otherwise, r>p,  so re~C~k* and next(~,, r) is defined since 
p . re~ . .  

However, as in our algorithm, it is necessary to know that Pi+ 1 <p2 for all i 
to show that next(~,,p) is defined after the deletions have been done. This is 
not stated in [6]. 

It is conjectured in [6] that r and prev(~,, r) cannot both be multiples of p, 
and it is shown how advantage may be taken if this is true. The conjecture is 
equivalent to the assertion that no gap on C k is a multiple of p,+ r Since any 
gap on C k is carried over to Ck+ 1, the conjecture is falsified if any gap on C, is 
a multiple of Pk+i for some i>  1. We have shown that g,, the maximum gap on 
C k, is at least 2p k_ 1. As noted in [2], a result of Rankin gives a constant c 
such that 

gk>C.logZk.logloglogk.( loglogk) -2 for k > e  ee. 

But since pi,,~i.logi, it follows that Pk+l =O(gk)" Given these facts, we think it 
reasonable to conjecture that Misra's conjecture is false. 

7. Conclusion 

A good case, we would argue, has been made for the computational and 
mathematical utility of wheels. Furthermore our proof of Theorem 3 is a nice 
example of how the algorithmic considerations of the computer scientist can 
produce insight of genuine mathematical interest (see [9] for another example). 

Finally, in case the reader has observed that wheels are symmetric and that 
use might be made of this in our algorithm, we point out that we have had no 

z We write ~,, N for the S, n of [6] 
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truck with semi-wheels on the grounds of elegance and efficiency. A semi- 
wheel sieve is more complex, and no more efficient asymptotically, than the 
wheel sieve. 
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